CHAPTER XXVI. 


DEFINITE INTEGRALS (I). 


988. It has been stated that when fo (x) dx can be integrated, 

and the result of the indefinite integration is y/(2), then the 
N 

quantity y (b) —(a) is denoted by | (x) dx; and it has been 


shown that y-(b)—vy(a) is the result of obtaining the limit 
when l is indefinitely small of 


h{ p(a)+ (a t+h)+ o(a+2h)+... + ((a4-(n —1)A)], 


where b=a+nh; and the process of obtaining the value of 
b 
| (x) dx has been termed a Definite Integration. 


We have performed this definite integration in many cases, 
first of all obtaining he indefinite integral by the rules of 
the early chapters and so finding Y (æ), and then inserting the 
values of the limits to obtain the expression yr(b)—(a); and 
in doing this our chief attention has been centred upon the 
discovery of the function y(æ), whose differential coefficient 
is $(z); ie. upon the reversal of the general problem of 
differentiation. 

It will have been gathered from the last two chapters that 
the value of the definite integral between certain specific limits 
can be obtained in many instances by some artifice, even in 
cases where it is not possible to perform the indefinite integra- 
tion ; 1.6. that it is possible sometimes to arrive at the value of 
wW(bì)— eL) without finding the form of y(x) at all. Such a 


case was that of | edr discussed in Art. 864, where the 
0 
180 


www.rcin.org.pl 


DEFINITE INTEGRALS (L.). 181 


indefinite integration of e could not be expressed in finite 
terms, but for which the definite integral from 0 to oo was 


discovered to be ex It is to this class of definite integral in 


particular that we now turn our attention, and it is to this 
class—viz. where the integrand does not admit of indefinite 
integration in finite terms—that the term Definite Integral is 
by convention mainly confined. 

A very large number of such results have been found. A 
collection of such definite integrals was made by Bierens de 
Haan, and published under the title Tables d'Intégrales 
Définies (Amsterdam). 


989. The artifices employed are numerous and of great 
variety and ingenuity. It is impossible to give an exhaustive 
list, but some of the more common devices are as follow : 

(a) The use of a reduction formula connecting the integral 
sought with one or more other integrals already 
found, or more capable of investigation, or with some 
multiple of itself. 


d 
(b) The integral | $ (x) dx may be regarded as 


Qe ED aride 


in which the notation will explain itself. That is, 
the summation from a to d may be broken up into 
sections, (a to b), (b to c), ete., and each part may be 
considered separately. 

(c) The expansion of the function to be integrated, or of 
some factor of it in a convergent series, or in partial 
fractions, with the integration of the several terms 
and a final summation of the results. 

(d) Change of the variable with the corresponding change 
in the limits. 

(e) Differentiation or integration of a known integral with 
regard to some constant which it may contain. 

(f) A factor of the function to be integrated may itself be 
the result of à known integration between certain 
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constant limits. Upon substituting this integral for 
the factor a double integral may be formed, and a 
change in the order of integration or a transformation 
to a system of new variables may succeed in obtaining 
the value of the integral under consideration. 

(g) Investigation of the integral from the original summa- 
tion definition of an integral. 

(h) The application of some general theorem such as those 
already considered in the Eulerian integrals or 
Dirichlet’s integrals, or the theorems of Frullani, 
Cauchy, Kummer, Poisson or Abel, which will be 
severally discussed in their proper places. 

(i) Several of these methods may be combined. 

(7) The application of Cauchy’s theorem in integrating round 
some closed contour. Contour integration will be 
reserved for a special chapter. 

(k) The substitution of a complex quantity for a constant 
involved in a known integral, and in its result, fol- 
lowed by equating real and unreal parts, frequently 
suggests new integrals; but the method requires 
great caution if it is to be regarded as rigidly estab- 
lishing the values of the resulting definite integrals 
without further investigation. But it frequently 
happens that such suggested results can be established 
by other means. 

These are the principal devices used. There are many others 
applicable to particular forms, A general statement such as 
the above is necessarily vague on account of its generality, 
The student should examine the mode of procedure in the 
numerous cases which we shall have to discuss, and note for 
himself the method adopted. 


990. Illustrations of Definite Integrals deduced by Change of 
the Variable. 


be, I -[ log sin 0 40  [Euler, Acta Petrop., vol. i., p. 2]. 
0 


Writing 0—7— $, T7 - | tog 008 d= f log cos 0 dé. 
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Adding, we have 
7 1 
=| (log sin 0+ log cos 0) ao=| (log sin 20 —log 2) d0 
0 0 
T 
=| log sin 20 d6—; log2, and writing x for 20, 
^ , 
1 1 ka 1 
| log sin 20 46-5 | log sin x dy={ log sin 9d0—1 ; 
0 0 0 
"* 1 
c) 21=1—F log 2, giving I-5 log 9 


1 1 WO | 
Hence | log sin eade-| log cos 0 d6— ; log 5. H aT (1) 
0 0 = 


It also follows that 


| (log sin @—log cos 0) d0—0, ùe. | log tan 6d6=0, ...(2) 
0 0 


and N log sec 0 ae- | log cosec 0 dó—; qo R Re qu 
If we write sin 0—7 we have another form of the same integral, viz. 
A BE de =F logs L UIDI ee (4) 
or again, putting s=, 
L Rie or fe dle = Fe logi; RT sow) (5) 


or again, integrating (1) by parts, 
ey Sd u 1 
[ d'o sin e] -f 0 cot 0d0—7 log 53 


5 fÉ ocot 0d0=710g2; NES- A, NRT (6) 


or integrating again, 


[9 cot e] ^ cose? 9 dO — log 2 ; 


ge 
N po m J sossecososesoosssssosooosos (7) 
or, which is the same thing, putting cot =z, 

E (cot "aft dom € log 9 AI AA OREN (8) 
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0 sin Odd 
eed epos: "Cm 
Polytechnique, xvii., p. 624, case where a=b=1). 
Writing r—¢ for 6, 


fala (Y — $)sin $ ; d$ -c f sing _ dp—I; 


d b both positive (Poisson, Journal de I Ecole 


a+b cos? $ a+b cos? h 
ied gin bdo He NE tan A^ cos 3! 
a 0 
D ^ cos "e 


ON oM AU 
im ry; A I- NA 2. 


: 2 
Gein ð d@ =r tanl =. 


The case a=b=1 gives Erer i 


991. In illustration of the method of expansion we may, for the 


ei 
same example in the case a >b, expand (a d cos? e) . Then 


=: | [ asin 6-3 asin 0 cos? 0-- 50 sin 0 cos! @ — m dé, 


a convergent expansion if b <a. 
But 


LI 1 y 0 cos?” +1 67" 1 
2n xe Mya n+l m 
I 0 sin 0 cos" 9 d0 = CEn3l d, sal cos™"+1 8 d0 — mpte: 
y T Lv uo ] 
ae i 305 we 


mT r 
=—— tan- NE — by Gregory's Series. 
Jab a * S 


If, however, a «b the expansion used would be divergent, and the 
method would fail. 


992. Illustrations of a Combination of Methods. 


Let I =| xsin” æ dæ. Write s=r—y. 
0 


1={ (ry) sin" y dy=r| sin? y dy—-I; 
0 0 


T 
q 
re x 
2 1-7 sin zdz— | sin? da, 
0 


0 
and the result can be written down. 
This integral is useful, in cases where F(x) is capable of 


T 
expansion in powers of sin g, for finding | x F(a) da. 
0 
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«Ex. L I= [| -tog(1+nsin 2) dz (n <1) 


œ 2 3 
n? . nè. 
Sj a|n- sine + sina — ... |de 
0 


3 
nr? m? nm? lar nt 2 n 31r nê 42 
n rm bd Set ME EN 4323 6753* 
T? ln? 1.3 në AE, 2.10 
-s( tagtgabt J-7 Epi Hs a 


2 2 
=" duns (e ) . (See Diff. Cale., p. 90, Ex. 3, Part 3.) 


Y a da 
Ex. 2. I2] = 
o l+cosasin s 
=f &'(1 — cos a sin 4 4- cos?a sin? — ...) dx 
Jo 


S br) L9IT AIR: ] 
=r| J —cosateostas 5 Cos" az + cos"a 133 coca gt: 


": 2 oaia T cost 
= -r [ cos atz cos MAR ns a+... | 


T? E T T EE JUNI ] 
gu rre atz 6 atg 6008 OF ove 


sin-! cosa at 


= -tr +y g; NS E (See Diff. Calc., Ex. 3, p. 85.) 
A/1— cos?a 
T 
a7 * T? a 
= — T =—— + — = 7 —  (WOoLsTENBOLME.) 
sina 2sina sina 


This integral might be treated thus : 
Write c —2c for x. 


I4 [2s (T — x) dz da 3 
I+cosasina Jo l+cosasinz° 

4 "us 

ris M sec gt 


2Jo l*cosasinz 2 E Maas 


tan 5+ cosa 
-— tan-i G T [s — tan-!cot a | 
sina sina 9 Taina 


——-— tan`! (tan a)=7 a, 
sin a sin «' 
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EXAMPLES. 


$ 
1. Prove that | Ja? - 1dz- 185--1log2. 


$ [Sr. Jonn’s, 1884.] 


t2 


E 1 
. Prove that | sec? 0 d= 75 + llog (/2 +1). 
Ç 3*3 
DM ATYR. TnrPos, 1889.] 
3. Prove that 


190) dai [96 a*() d 
R )dz = ^ )tu Ps ] a 
(St. Jonn’s, 1882 and 1887.] 
4. Show that, n being a positive integer, 
log x l 1 
n Dres drm rest NL: MESS o 
nda ie ut far. 
| n-2(ü-xzp-* Slee (+T 
and that 


? logz RIA S Z MI l 
wf ET der E Gr aaae l 


loge , 
( ) a a +a) dz— — L [Sr. Jonn’s, 1882.] 
71-3 l 
e L (Tray Ania (Sr. Joun’s, 1882.] 


5. Prove that 


f (sin 0 — cos 0) log (sin 0 + cos 0) d0 = 0. 
[Sr. Jonuw's, 1884.] 


6. Prove that 


f, 6* log sin 0 d0 = zl. 02 log (4/2 sin 6) dé. 
[Sr. Jonn’s, 1884.] 
7. Prove that 
: dz _ 2r a+b 
G) | | Sa aa X be +0) J3 RIT at 
MM i dz TEN UT 
WU | | iari gar 3 abka-hy 
[Corrzazs y, 1891.] 
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T 


E + x ‘ig 
5. Show that l eel L log 2. [Oxrorp II. P., 1888.] 
9. Show that 
CUL ees ANS 
| (= =) dz= )z(3 log,2 A ic?) 
0 


LM ATYR. Tripos, 1887.] 
10. Show that 
4 . kre + kazssinh(pa)(- 1)* 
l sinh pesin = dz= = pat +h? 4 
[CLARE, CAIUS AND Kina’s, 1885.] 
11. Prove that 


(1) i sin?z d K 1 $ +m -^ 1] 
o &"*(cosz -m sint)? 2m(1+m?)|1-m Ñ 
T cos?z dz 1 lm —"5 ] 

(2) Ñ enz(sinz+mcosx)? 2m(1 +m?) li Tm ** | 


[Sr. Jonn’s, 1886.] 


T z T? 
12. Prove that | te Fen diss ah 


o l-tsin?z [Oxr. II. P., 1885.] 


13. Show that 


H 
| log (sin g + cos x) dz = - Flog 2. 


px 


[Correcrs, 1886.] 


= dx T 
14. Show that 4 @Jsinh 2x 2/2" [Sr. Jonn’s, 1890.] 


15. Prove that 
ra xf (z(1—2)) dz— if flea —2)} dz. 


[CorrEczs, 1882.] 


Z 
16. Prove that | sin” 20 log tan 0 40 —0, where n is any positive 
integer f [Corrnzazs, 1882. ] 
17. Prove that 
f 2”-l{(n — 2)z? + (n — 1)(a + b)z + nab} dd 0 < b) 
b (x + a)*(a +b)? /«. 2(a+6) ' 
(Sr. Jonn’s, 1890.] 
18. Establish the result 


79577 m c 
a? sin 2z sin | 5 cos z 8 

a 
“sro 44T ==. 
“0 aw =T T 


(Mat. Trrpos, 1882 ] 
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19. Prove that 


(is Ine a - 
f 1) sinz - 2 cosz ver de 
[Corrxears B, 1890.] 
be. paip day la tal 40-57 
Moksapi ces o og (1 +tan 0) d0 = i [TarNITY, 1885.] 
21. If a be any angle between 5 and -5 j^ show that 
f log (1 + tan a tan x) dz = a log sec a. [e, 1884.] 
22. Prove that, in general, 
" NP z 2r 41 
fr (ee 5 » log ey od) PPUT + er TRT n 
l ve 
where edit ie au ET 
and F is any function. [e, 1881.] 


23. Prove that 


d - 1+k 
log (sin?6 + k?cos?@) d0 = r log ko (k>0). 
0 
[Oxr. I. P., 1918.] 
24. Prove that 


| Fee +5) dem il f(a? + 2ab) da. 


sin” re do, ie uk il 


993. Integrals of form 4 
0 


Consider the integral / — L —— deg, r being a real constant. 


sin rz 
If we write rz—y, i-[ Y dy ^b Sn? ds, which is 
0 0 


independent of r. But it is obvious upon changing the sign 
of r in the original integral that the sign of the result must be 


changed, for all elements of the integrand Shae change sign, 


Further, when r=0 the value of J is zero. Here then is a 
curious discontinuity which must be examined. 

The integral is of great importance in the theory of definite 
integrals, and we propose to illustrate by means of it several 
methods of procedure as mentioned above. 
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994. METHOD I. By breaking up the Integration into Sections. 
sin £ T 2m Br T 
We have I= p —— d= E )+ yd 
(2n—1) œ 2nm 
AE Ores 
(2n—2)m Pp 
a notation which will need no explanation. 
In these pairs of successive integrals put z—7— y, r+y; 


9m — y, dar y; ... (2i—1)m— y, (2n—1) LM: ete. 
Then 


Mund. TEE sin y * sin y 
NME T bie du Cos l (2n—1)r--y dy, 
7" snz, | (" .smny 
va Ho x t "uc Dery” 


Thus, putting n=1, 2, 3... successively, the integral becomes 


n" 1 1 1 1 
I- | sin yz—- Try 5s aay 


- [ sin y tan P dy (Hobson, Trigonometry, p. 335.) 
0 
=["sint$ay=; [cos y) dy=5 
y 2 Jo 
995. If we put z— — y it is clear that 
d Ad : 
(= sin £ d z-- [ sin Yay=f sin d sin T 7. 
0 mM -2 JY 75,17 
Re 


Ñ 5n? da E Ha )222 qs s=2[" 3n da. Tor. 


996. If r be positive we have, by putting rz=y, 


| RS) L 
o 9 o Jy 


If r be negative we have, by putting rz— y, 
| sin ds | ^ tayf DY dy 
0 —o 


x 
Bini ai as » 
m y 2 
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If r be zero the integrand is zero, and 
| sin re 70, 
0 T 


997. If the integrand be regarded as a function of r the 
discontinuity may be exhibited geometrically by tracing the 


graph of S sin z9 


—— d9, which will consist of 


the straight line y=-7 from z— — o to z—0; 
the point z—0, 4 —0, when z—0; 
the straight line N=. from z=0 to z— o0; 

and is shown in Fig. 323. 


Fig. 323. 


998. The graph of the integrand, viz. me, is shown in Fig. 324. 


The integral f. T dr is the difference of the areas between the 
0 = 


v-axis and the successive portions of the curve which lie above the z-axis 


Fig. 324. 


in the first quadrant and below it in thefourth quadrant. The successive 
maxima rapidly diminish. The positions of these maxima are given by 
the equation tan z—2, and can be determined graphically as the inter- 
sections of the graphs of y —tan v and x == +. They occur in each case a little 
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sinc 
earlier than midway between two successive cuts of the curve yw 


by the z-axis, but rapidly approximate to the midway as x increases. 
999. METHOD II. A Further Illustration of breaking up the 
Integration into Sections. 


Since the y-axis is an axis of symmetry for the graph of 


sinz 
—; we may take 


ta) Sera l[^ setas, 
0 CP 


l he tag 
dt: ads Si dta 


In the integrals in the first row put 
z=y, THY, 2rty, 3T, ete., 
and in the second row 
=—mr+y, —2r+y, —37+y, etc. 
Then 
s "1 l 1 
tenga cit indes nico 


1 l l 
Crece etd 


1 1 1 
“| siny[7- ET y— atop typo le 


=|’ sin y . cosec y dy={" l dy=r 
0 0 


Ares Fes RERAN, (Hobson, Trigonometry, Art. 295) 


This proof is similar to that of Method I., but makes use of 
the expression for cosec y in partial fractions instead of that 


for tan? 


1000. Meron III. Illustrating Differentiation under an Integra- 
tion Sign. 
(1) Consider the integral I= TR ami TRTE dy, where r is positive and 


L any finite positive quantity, which we shall ultimately diminish without 
limit. 
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Then so long as £ lies between 0 and +a, 


M [e Sey Seat P de. sin ra e e™ cos (YL 8 ór)z dz, (00-1), 


k 
“Brie erp (Art 99) 


and proceeding to the limit when òr is indefinitely small, 
T 
dr Er 
no constant being needed since each side vanishes with 7. 

If in this result we diminish £ indefinitely towards zero, the integral 
tends to the limit [= dd dz, and tan! 7 tends to the limit 2 or -3 
according as r is positive or negative. But if r—0 the integral is 
obviously zero. 


whence J= he i, Sin re dx=tan-~ P 


Hence L TRE 45 -r 00r ^ T according as r>, = or <0. 


(2) As a further illustration of this method, let 


ial e SOE (a. cos? + B sin? 9" 


a and 8 being of the same sign, so that the subject of integration has no 
infinity between the limits. 


Lit Am D "et AP e C RIA. 


Hence 


=l (=1F S i n 
uA n(n - Taka s n! Ah. 


Also h= ig Sir Jal a (A Bun J- "INE 


Hence. 


Lu zm 


Ced ET UE 
h-C352,573 Japlat 8) 
Similarly 
y, 678. ore. 
Ja Jap tap p) and so on. 
And since 


QW oW 4-5 (-1»** - ds Ma. nog 
(a) (op) « $m gre (1.3... 2p -1)(1.3 ... 29 BRE EZ 
AIPE (2p)!(2g)! | 1 
Cog (p)q) Jap PB” 
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the general result is 


 Tr(-l"/90,0Ww 
Tag n! (a; op) Jan Naf 
T =I" $c (= 1)" (2p)! (29)! l1 1 
8 al $3 C» gs pig: wa aß? 
; S(p)! (29)! 1 : 
t.e. ncs aat (pia bt wpe where p+q=n. 
Also, since 
Ole i aft cos? 6.0 hy ( sin? d0 
Oa Jo (a cos? 0+ B sin?Q)* T h (a cos? 0+ B sin? Q^ * 
all integrals of the forms : 
dé 7 cos? 9 d T sin* 9 d 


o (acos?9--üsin*8)' Jo (acos*O--[Bsin*0)" Jo (acos!0-r B sin? 9)"' 
can be computed, z being a positive integer and a, 8 of the same sign. 


1001. Since 


£ _ar b Sin bx — a cos be 
fe “cos ba dx =e ap» 
bcos bx-- a sin bx 


a? +b? 


-F const. 


and Í esin bx dx= — e7^* +const., 


Lo Mq 
we have [* cos bz de= V ga deu d (1), 


RUE E suh 

L e— sin bx da = 3 Lp diss (2), 

Integrating the first of these equations with regard to b from 0 to b, 
ff gn br dictan b NEE sette ois evo Tie) 
Jo a a 


and integrating the second from c to b dr positive) and 
eax COS bx—coser , _ a®+ c? 
rede 3 log rp i-o) 


When a diminishes indefinitely the limiting form of (3) is 


sin bx T -r 
h E^ dx=5 or pacem (B) 


according as b is positive or negative. 
If in equation (4) we make a diminish indefinitely, 


cos bx — cos ex 
ML N RNC 


If we differentiate (1) and (2) n — 1 times with regard to a, 


a being supposed positive. 


—1 
ie ae cos ba da =(-1)*" sy cas 3B "T pr Di cos n6 sin" 6, 
where tan 0— - 
and ji atesin bz dr —(— T i aan ee 2 sin nd sin”ð, 


E.I.C. II. N 
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Here x is a positive integer and a is positive. 
The case when z is not a positive integer is considered later. 


1002. MxrHop IV. Deduction of a Definite Integral from the 


Summation Definition. 
We may employ either of the well-known trigonometrical series 
3 -sin 0. sin 20-- sin 30--... ad inf. (02-7) 
sin 6-- sin 36 Zain 50--... ad inf. (1202 —7), 


to obtain the value of Hi = de. 


sin 4 sin À . sin 2A | sin 34 
(1) i do Lt A (Bos SO uma L... 


9 
sin À , sin 2A |, sin 3A 
Hal 1 + E T 3 +...) 


T-h T 


= Líy-o 9 9 : 


sina sin À , sin3À . sin Bl 

(2) L d baa E+ ap e pe) 
sin À  sin3A sin 5A 

= Ltr (7+ z P h.) 


[For the first series see Dif. Cale., p. 108, Ex. 21 (2). 

For the second add to the first g- sin 6— sin 26-5 sin 30- ..., 
or otherwise. (Hobson, Trigonometry, p. 288.) 

See Bertrand, Calcul. Diff. et Int., vol. i., pages 304, 383.] 

1003. Meron V. Again illustrating Derivation from the Defini- 
tion of an Integral as a Summation. 

Consider the series 

€ sing | e-"Psin20 | e^ sin 30 L 
vlny ca Ld Ks AA XD +...ad inf. 


e cos 9 eT? L cos 20 | e "cos 30, M 


These series are convergent so long as q is positive. 
= e "99 na 
C+S=2 2mm log (1-672962) 
1 


Ser = ame RAN —q0.: 
S log/1 - 964729 cos Ote 9 4 ı tan) e s = 0 
1—e 7 cos 0 
sin 0 


. = -1 . 
: S=tan e? — cos 6 
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In the limit when @ is made indefinitely small, 


0 l r 
S -tan^! Lt, _ Ur... L Mf Te Cy Ma bù Ç 
" 0-0 06% + sin 0 q 2 : 
ow 
ray al Qgh .- 3qh . 
R e SiN de= Birat *- REE, L LE GM a Sas] 
TR Kre La 2h | e sin 3h ] 
= ited) t ae. oe va wees | mee d I C 
l 2 3 
e tsin x T di 
l —, dems — tan q. 


Now let g diminish indefinitely to zero, the limit towards which the 
result tends without limit is 


[2 deat. 


e~* sin rz 


1004. The integral J= fs 


for the case d >r thus ; M PON sin rz, we have 


re [ enr eae 


da —- tan : may be established 


! 
But E Ea ad n ; 
put lee 
5 ge 3 gts F 
This series, however, is divergent if g <r. See Art. 1000 (1). 


=a s fanri L 


1005. MxETHop VI. Illustration of Use of Change of Order of 
Integration. 
Consider the double integral 


fel [ etin peded 
0 JO 


Integrating first with respect to y, 


Ps C [4€ 4, Sin GST ‘as [= PM 


Changing the order of integration, integrate first with regard to 2, 


Lay Y Sin re +7 cos rz =” 
Is f [- 250r ac re d HR 


=| xe- [ tan tani -5 or -5 


according as r is positive or negative ; 


sin rz T T 
c dz-3 or -5 
L F 2 2” 


according as r is positive or negative, 
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1006. MrTHop VII. The integral may also be established by the 
method of contour integration. (See Art. 1302.) 


1007. The expression for cotz in partial fractions (Hobson, 
Buoni p. 334) is 
1 1 1 1 1 


os z— "ed belies? a era aaa m 


cob zi +... 


= 22>) 3 ED 


If ¢ (2) be any periodic function of z with periodicity 7, i.e. 
such that ¢(z)=¢(z+ 77) for all positive or negative integral 


values of 7, we have 


utt le. i 


In these integrals, put 
i 2—9, m+y, 2m+y...in the first row, 


and —' +y, —27r-+y...in the second row. 
M | M 7 (rm -L y) 2 T p(y) 
L ce o rm+y peg 0 tet 
[T7294 - $9 T f E10) di 
—rm y—T- oy—TT 

pn 
kis f. y 
-— jm 2E aati AES Jo 


=| ow cot y dy, 


1.6. [POS T ds, where $(z)— $(z-- r7). 


Thus, if $(z)—tan z, | se * da=| tan x cot z dz—. 
um ^ 


Also He is not affected by a change of sign of z, and its 


graph is symmetrical about the y-axis. 


[= tan x tan x T 


dx= if z dz— 3 ; 


Hence 
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and writing rz for z, 


oo 
tan rz wa ; 
n tog or 0 as r is +°, —"* or zero. 
1008. We now proceed to consider some consequences of the 
result sin re T 
dz—.. 
0 & 2 


By the ordinary method of summation, we have 
PU, sin 2pz-4-?C, ig 2) x-4- ... -?C, Sin 2z—2? coss sin pz ; 
æ% p . 
| L ——À = op . gl Cot ?C, Top? Cral=5(1 -g) 
1009. In the same way 
rO sin 2px —?C, sin (2p — 2)z + ...--( 171 ?C, sin 2x 
z(- 1) 2? sin’ sin py, (p even) 
or =(- 1)7 2?sin?rcospz, (p odd). 


2n 
Hence L HRERS dr CD P [i 29-1] =(-1)" sdn 


T 92n 

L ng | STER Ned C LAE T 5 (1-141) =(— UP ses. 
1010. Again, 

là I ae =! EE [ [sin (2n + 1)z — "+10; sin (22 — 1)e4 ... 


T(-1) ?*HU, sin z] e 


T x A [1 — 5 0, 2 D —...4(-1)" 9 0,] 


1 


ag x coeff. of z" in (1-4-2)?^*1 x (14-2) = quu "0. 


ga 
71.3.5... (2n— 1) 
2 3.4.9... 


1011. Let a and b be any two positive quantities (a > b). 

sin(a+b)x, 7 [5 (a—b)z, T 
Then [EC ug and b TE 7 di= 5 . 
Hence, adding and subtracting, 


[ee ae E du LRS demo. 
0 


z — x 
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We may then state that 


f, HE a5 or 0, according as p > q or <q 
both being considered positive. 
If p=q, 
"sinpzcosqz , _ 1 {= 2pz , lair 
L x e 2 Jo. x dz—5. 5 4° 


1012. Graphical Illustrations. 
n in #8 cos 0 
Consider the graph of y= d M T dô. 


We may write this as y=5 r spie tt) Ge dnte- 16 dé. 


If «>1, y=3(5+4) =z. 
If x=1, y-3(5*0) -7. 
If z «1 and >-1, y-3(5- 5) =0 
If z- -1, y=3(0-3) --t 
If s< —1, y=3(-5-3)=-3 


Fig. 325. 


1013. Graph of y= a sin froez dð 


_1 (* sin(1 +) 0--sin(1— 7) 0 
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Here, if x>1, y=3(5-5) uy 
l/T T 
1 
-1«z«l, y=3(3+5) -5 
1 T T 
1 uma T 
echo stg (- $70 


and the graph is as shown in Fig. 326. 


Fig. 326. 


being again discontinuous at z—1 and z= — 1. 


1014. Consider the integral 
h sk 
| cos z—1 s 


0 Z 


and put z—az and z=bz therein alternately. 


h h 
Then [et as [eoe — as, 
0 x 0 x 
h B L 
x a a, ren" dac ee 
" x JE Ad 
a b 
h i h ki 
Neve ne bx de=| 9 br ST ah sin bæ di. 
h m bow bj. at 


«a a a h 


and when h is increased indefinitely, becomes Je dx, 


a 
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and this must lie in numerical magnitude intermediate between 
the results obtained by replacing sin bœ by —1 and by +1 
h 


b ~ . 
respectively, 4.e. between xj or pe LR +0. 


a 


Therefore the second integral, for the infinite interval between 
: and ; vanishes, and we have 


| COS ad — cos P aaas b 
0 T 0 

This is a special case of a theorem due to Frullani to be 
proved later (Art. 1183). 


1015. It follows that 


= . b-a b+a 
sin —— zsin — «P 
9 9 l b 
b banane T la doll a 


i.e. a eee dz = je X (p >q and both positive). 


0 


We have now considered 


L sin pz sin g* 7,1 ligt q 
0 


z 9 p-q 


E i Si PE coq dan or 0,asp> or <q (Art. 1011). 


Also [ COS PE COST qvis infinite (Art. 348). 
1016. Taking y= ST RE 4-5 or -» 


as r is positive or negative, or 0 if r—0, integrate with regard 
to r from r=0 to r—r, 


?1—cosr0 Tr TY 
vl Rn a ba or Ts FOROR TIT (1) 
as r is positive or negative, or 0 if r=0; £e. putting 2r for r, 
sin?rO TY 
R S dO or — S. r (2) 


as r is positive or negative, or 0 if r be zero. 
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1017. To illustrate this geometrically, consider the graph of 
2 (* sin?2d 
Feel F 05 


Fig. 397. 


which consists of the parts of the lines y= +2 which lie in the first and 
second quadrants. 


1018. Integrate equation (1) with respect to r between limits 0 and r. 
Then Í ron sin dg 7 < or —= r2, asr is positive or negative. 


[d 4 
4 (* x0—sin x6 s 
Thus the graph of LS — g aar 46 consists of the parts of the 


two parabolas y=2? and y= —2?, as x is positive or negative, which lie 
in the first and third quadrants. 


Fig. 328. 


Similarly we might proceed to further integrations. 


1019. Graph of Lied 


Since a change of sign of x evidently does not affect the value of the 
integral, the y-axis is an axis of symmetry. 
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Also 
y=asin= if sin^ be positive and y= —«a sin > if sin z be negative. 


Hence the graph is that shown in Fig. 329. 


Fig. 329. 


sin rd 


1020. If we integrate [59 dü-— +5 with regard to r between limits 


qand p (both positive and p> A we obtain 
cos qÓ — cos pO T 
4 a+ d0=5(p—9), 


0 
sin 234 9 sin P -19 
demde vad eee e < iia 
0 ? 4 q 
or putting p+q=2a, p —q-— 9b, 


sin aĝ sin bÓ e 
[se ag, 


where b is the smaller of the two quantities a and b. 


i.e. 


in? 
1021. Trace the graph of y— Wi sin? 0 t zô ap, 


In the first place a change of sign of + does not affect y. Hence the 
y-axis is an axis of symmetry. 
Also we have - 


s= RE (sin(z--1) 0- sin (z — 1) 60) d0 
* sin Ósin(v--1)0 ,, 1 f” sin 0sin(z—1)0 
EE TATEN, 


g 
If x>2, y=. Tl- il -0. 
Ife=2, y-bLd-pR = 
If 2>a>1, y-1. 3.1-5. S(e-1)=% (2-2), 
If z=},  y=5- 5-1-0 =", 
If 1>2>0, y=}. 2.14). 501-2) =4(2 wish 
It rù, y-5.5 +3. -3 
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The graph therefore consists of : 
(a) the portion of the z-axis from z—2 to v=o, 


(b) the portion of the line y-5- 4 from z—0 to z—2, 
(c) the portion of y-. from r= —2 to x=0, 


(d) the portion of the x-axis from z— —o to r= - 2. 


Fig. 330. 


And the discontinuous nature is shown in the illustration (Fig. 330). 


P 
1022, Trace the graph of y= sip Ax dB ru (Math. Tripos, 1895.) 
grap dmn" S p 


We note in the first place that a change of sign of z gives a change of 
sign of y. That is, the origin is a centre of symmetry. 


N p 2d" cu E s 


Fig. 331. 


in? È VES A 
sien BTR fom eet om 
: ALA 22)/8 from z—0 to x=2, ' 

à 7-05 from «=2 to r=0, 

where A and B are constants. 
Moreover, the difference of adjacent ordinates at v—e, x+«, being to 


+2 
the first order 2e nth ari 
0 ge 


fore there is no abrupt change of ordinate at any point on the graph. 


d@, ultimately vanishes with e, and there- 
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Again, y —0 if z—0; ^A 420; 
and at z—2, A+n(4.2-2%)/8=B; ~. B=5. 


Therefore the graph in the first quadrant consists of a portion of the 
parabola y —7 (4x —22)/8 from xv=0 to x=2, the vertex being at (2, 7/2), 
and a line, 2y —7, parallel to the x-axis from z—2 to r= 

And remembering that there is symmetry with regard to the origin, 
the graph is as shown in Fig. 331. 

It appears that the points P, P’, where two of the discontinuities occur, 
are the vertices of the two parabolic arcs, and that at the third discon- 
tinuity which occurs at the origin the parabolas have the same tangent. 

The discontinuities occur in the second differential coefficient. 


a 
da 


1023. Cases of | 88 


—— dz, where m is not less than n, and m, n 


LUN. 
Let Um n= L 


are either both odà or both even positive integers >2. We 
have proved in Art. 265 a reduction formula connecting 
Vom, n; Um, n-2 880 Mas e ng, VIZ. 


(n — 1)(n — 2) uq, nF M Um a m(m — 1)u,,. o 4.9770. 
Now we have Vim uam (Art. 1016), 


sind we 1 [7 8sinz-sin 3x 1 ToT 
udo woe dens SHE dom [8 Igi; 


and from the reduction formula, 


Hes) 
n=3 } 2. lus LH, ,—-3.2u, ,=0; 


: T T 3T R _ 3r 
d 2u,,—76.5 -9.37 um H »* bedit 
infz : ea ee p 
Ayo; pnd BS dle [aser N 
J0 x 91 Jo x 


-3(-54197-17. 


Then the reduction formula, 


pie } gives 2. lus s+ 25s 1—5. 4u, ,—0, 


and is, \ gives 4, BUs 5+25u, ,—5.4u, s=0 ; 
whence : u m WE 115. K. 
Baur d 384 ^ 
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1024. In order to generalise these results it will be plain 
that it is necessary to express sin”*'g in the form 
A sin z4- B sin 3z4- C sin 5z4- ..., 
and then we shall have 


» anii 
eh E = da=F (4+B+0+...) 


x 
(see Art. 1010). 
And similarly if we can obtain 
sin” cos z in the form A, sin 2x+ B, sin 4z4- C, sin 6x4- ... , 
we shall have 


œ. Dr * orp 1 ey NY 
sin” T sin” T sin zx COS T 
svp ds=| — 2 i zi ——— dài 


qz? x 
=2| sin?-!g cos T de 
0 LZ 


=2r(4,+B,+0,+...) 5; 


and the sums 4+ B+C-+..., and A,+B,+C,+... are easy to 
find. (Art. 1026.) 
1025. It has been shown in Art. 1010 that 
#1. 8B (p. b 
Urni—3779.4.6..2r ' 
and this with the reduction formula will enable us to obtain 
the values of all integrals of form wu, 5, (n € p). 


Thus, if r—3, Ur, oe r= 
and 2. 1U; 3 + 49y, 1 — 42w; 1=0, 
4.3u,5+49u, 3 — 42s, ,—0, 
6 . 5w, 7 + 49U;, 5 — 42s, ,—0, | 
H TT TIT 58877 
giving Ws G4, "i788: "51733949" and so on. 
Collecting the results, we have 
» 
14.172; 
T ST 
MP Us s= -g> 
5r 1157 
wx jx nsa 7X 
Tm TIT 58877 
165,17 s, Ur, 3 = 64? Uh, 8= FEB» Ur, 1= 93040" 
etc. 
7 
nate ee Or), T, thesame result as | sin” 0 dO. 
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1026. Again by differentiating the formula 
s=r-1 
27'(—1)sin"gz—2 $^ (—1)' *C, cos (2r —28)a+(—1)*C,, 
8=0 


we obtain 
aT s=r- 


2r sin" cos z= La >) (—1)* (2r—2s) *C, sin (2r—2s) a, 


and the sum of the coefficients required (Art. 1024) is 


a (2r*C,— (2r —2)"0, + (2r—4)*C,—... ]-(—1)712*0, ,) 


gi; 0, -2"0, 9*0, LL UFO 


m 2x coef. of 2^! in (1+2)” x (14-2)? 
1 (2r — 2)! 


d 1 r-1 i 2r-2 
= pur, X coef. of z^! in (1+2) =; TDR 
Ka sn*"z, 1.8.5..(2r—3) v 
Hence tara l 2 la Um 21 if r ¢ 2, 
"aW ve Res Fap 
and E if r=1, and =g if reb. 
1097. Thus 
r 1.3 m 3T 1.3.5 mv DT. on 
"ampi aT) Waa oA ag) "7p 6] 7385 h 


the first of these having been found before. 
And now the reduction formula can be used, 


(n — 1) (n — 2) Um, n+ Mum n 2 — m(m — 1) us n-2=0 (m 4 n), 
ie } 3.2wu, 4 +16, 2— 4. 342, 2=0; 


un } 8. Qe 44-360, 2--6. 5u,2=0; 


n } 5. AU, «L 369, ,—6.59,,—0; 


etc., 

DE T T llr 
giving WU, am us Ugy a ete, 
and collecting the results, 

T 
41379; 

T 7 
ka lad T M4 4— 3) 
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ying rg el cora Mer 
Ms, 31— 16? Ue, 4= > 6 6= 7H» 


5r 
Ha s 35) etc. ; 


and generally, 


1.3.5...(27-3) v 


8.4.6..(àr-3)' 8 ; 4 2) and therefore— p sin?-?9d0. 


Mo, 2 = 


1028. A result due to Wolstenholme follows at once, viz. 


| n 7 padel 7 (sin?z)dz 


provided F(z) be any function of z which can be ib dd in 
a convergent series of positive integral powers of z. For let 
F(2)=A,+A2+Az*+.... 
Then 
| m" 7 F(sin'z)dz— aj, TRE sin?z-- A, sin*z-- ...)dx 


—2(Aqu, o d- Au, o Aue, ot...) 


=a (A,+A, sin?z 4- A, sin*z4- ...) dx 
0 


za F (sintz) d Y (sin?) dz. 
0 0 


1029. It is also plain that if F (sin 0, cos 0) can be expressed 
in the form 4 sin0--Bsin q04-C sin r0-- ... , 
where p, q, r ... are all positive; then 
[ Pent en dg (a 4+ B+ C+...) 
0 
or if F(sin 0, cos 0) can be expressed as 
A cos pO-1- B cos q0-- C cos r0-- ... , 

where p, q, r are all positive, and if A+B+C+...=0, then 
| F (sin 0. cos 0) a6- | A cos p0+ B cos q0-- ... 40 

0 e 0 0? 


F [ 469291): (eon q6— 1E go 
E 0? 
——5 (Apt Bg Or ...), 


and evidently other propositions of similar kind may be 
enunciated, 
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L _1.3.5...(2r-—1) c 
1030. Ex. 1. Since "m411—777 34-6. 9p "gg: We have 


[ s 1l+nsin av dx 


Éi-nsinaz —mnsinar zx (n«1, «7 0) 


n, ns ne. s dx 
-2[ (Pein art 3 sin ar+™ sin az+...) * 
es[ 3.545 i Em. P3. Tas. |=rsinin (Dif. Cale, p. 85) ; 
158.12 X in od: NU ^ c 
£ L tanh^ (» sin az) —7 sinn; 
Ç vr. 
and if n=}, | tanh-! (3 sin at) 
Ex. 2. Since [PE 1.9.0. ar-a) T 


REFACE 2 “> 


1-42sin?az dx 
L la 81-mnsinlaz a? [ee X a9) 
5 
=2 f G sintaas B aa 5 sintag + Di 
g^ VI 3 5 


x? 
a7 wt ils’ «1.9.5.7 
=205 (n5 5 AT B a. Leste) 


n f tani- (n dn ad 74 (JT $n - DIET 


a gin?z E a in? 
Ex. 3. I= E tanh (cos g sin x) de. 
By Wolstenholme’s aud given above, this integral 


=2 f tanh-! (cos 2 sinta) dx 


=2 f [ cos sin? +5 cos? 2 5 spe L cos®— Sine L. .] dx 


ett. 4 4 SS o iss! T 
zx B o IP: sê Keu. A d 
=25 | cos$ 5 93°56 4975 9108649" 
a-y taats bebr D 128.51 7)9 
Now 92 78*3.4.6^*3.4.6.8.10^ * ^) 
"ERR A tds M.1.3.52.1.3,5.7.9 9. 
; 7 Free iret ab 3*3.4.06.8.105 7! 


and writing z=cos 20, this integral 
- NT M. ener qo 
. 942/z sin cosÓ/ —cos20 
E ur. (2.2). 
=f oy ror = 97 log cot zts 
e 


Hence putting 49=a, I— log cot TES, 
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1031. If p and q be positive integers and p 4: q, the integral 
i TE me ? dz may be investigated by a method which does 
0 


mot ve the successive calculation of previous results of the 
same form leading up to this integral as was done in 
Art. 1023. 


Since | a-rez = D, 
0 T 
we have IN sin?a AM eS k [ 21-1e— sin?g dz dz 
Min (q4—3)129 Jo, j 


Now, p being taken greater than unity, and a positive 


| e-** sinPa dz —P. d 2 e-"*sin?-?gy dy (Art. 104) 
0 


H pre 
we UES Ae NU. Y 
aR p?) lat (p — 293] Iañ L 23) a if p beeven 
I ; 
or — (Gp? (a+ (p— 9] -. aF 12) if p be odd. 
Hence 


(= ee ja idz R Ahe 
om C7 q—3), AFIA Fp Lp be even 


ra s [ 22-1 dz go MS 
ond = G— 1], (TS G3) Fp TP be 00d 
The integrand can then be put into partial fractions of the 
form : 2 
mc ua At 
(q even) (a odd); 
EE EH 
dd 2 Baa or z 2k-1Ž 
po, n * Lord» 
(q- odd) (q even); 


and their coefficients have been found in Arts. 162 to 165. 
In the two cases p ne p out! the integrals are of the 
q even,J q odd 


inverse tangent species, viz. 


E aT pain zl 5 


but in the remaining cases the integrals are logarithmic. 
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1032. Particular cases are re wipes 


sin*z gy adz s[ [-1 1 9 1 ] 
Thus Le TING LS ments apa” 

HEU NEN, za =3-(3- ea 
ES 15- tan *\ =a 3 1 27 8' 

ne -* mune zdz eG ADULT AEA ain) 

o (A+ TOTS 82412 8273: 
2241? a 3 
-i slog 873 | =5 log 3*- log 3. 


1033. The general result is not difficult to obtain ; the integrations 
have already Te performed in Arts. 162, etc. 
sin’s 217?dz p even, ) ; 
[3 ^s ini Dil (2? + 27) L 4?) ... (2 +p?) E even } andp <q 


and by writing g -2 for 29 in result (A) of Art. 162, 
pad p for 2n 


P, MS 5-7!» 1 
sin e dee T ui aL Opt? - *C(p -2y7 4 ... (21)? "D, 2 4 ons 


And if p be odd 
and g be odd Sd CLN 
SZ de = AS ae zd; ; 
0 (g-1)!Jo (2-19) (2 35) ... +p)’ 


and writing q —1 for 2g 
and p for 3n- i in result (C) of Art. 164, the integral 


F -1 

-ç R r2» |" 7 iian 1 - 2*7 ana 1 dal, eZ +(— )s "Cp te | (B) 
If p be even 

and g be pdd) and pto 


sin? dy eof 2z dz : 
0 “Goin m (23-93) (25 4- 4?) ... (2 4- p?)' 
pov j o 22) in result (B) of Art. 163, the indefinite integral is 


p+q-1 


— CX [ropog (2-- p?) - "Cp — 2)" log {2? - (p - 2) 4- ... 


pi DRE ue log (22 + | 


Now in the expansion of (e* — e-*)? z (2 + ...)? —2?z? +... there are no 
terms of lower degree than z?. Hence, if g be Tp. the coefficient of 
a is zero ; ùe. the coefficient of x*-! in 


PO ert — PC, elP-22 L PC, olp-de_ 4. (— D^», a ha) - 1)? 20, 
‘a 7 


p 
4(- 0190, ot 1 L e-P* 
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is zero ; and p being even and g odd, 
PO pt -"C(p - 2) +70 p— A= (=I) 70, 2m 
£- 


vanishes identically. Hence, multiplying this expression by logz?, and 
subtracting it from the portion of the indefinite integral in square 
brackets, we have 


PO p log (145 5)- —?O,(p — 2y7 log {1 He. EL. 
E Z 2 
H-a O, UP ‘Nog (15), 


which vanishes when z is infinitely large. 


Hence 
+1 
P 1707611 
I C shal 7c, ptlog p -7C(p - 2) log (p -2) 
4?Cfp—4y-log(p-4)-..-£(-1) "#0, og? |. sU) 
2 
Finally, if p be odd 
and q be A Md eng 
atea pi ORI T T 
o a ^. (g-1)!Jo (24-12) (24-33) (e 59) ... (2 p?)' 


and writing q—1 for 2q+1 


and p for 2n — i} in result (D) of Art. 165, the indefinite 


integral is 


@—p-1 
G-m (-) — ^c, pt log (2? + p*) PULP — 2)? log {22 -- (p — 2)!) +... 
+(- 1) 3 20, 1e log (2+ W) : 
and in this case (p odd, q even) we have, in the d. way as before, 
PC, pt! -?C(p —2)t7 -*C(p -4y7 - LL 13 20 1? =0, 


an identity. Multiplying by logz* and subtracting from the portion of 
the indefinite integral in square brackets, we get 


2 —_9)\2 
PO, plog(1+%5)-70p- 2log {14 P72) +.. 


z= 1 
T(-1)? r 13 log(1 +a) 
2 


which vanishes when z is infinitely large. 


Hence we get 
¢-P+1 


p 01^ 
[X £ J-C E ) D dal 6 C, p* log p - ROL — 2)* log (p — 2) +... 


+(-1) 76, 1-10g 1]. soil. d (D) 
the last term vanishing. E 
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Hence, summing - the four results may be written as 


jä ye de= mus d Zlin 2 Os aye... 


tof or ptl terms, if p—q be even, or as 
p-2-1 
Enr 


“omit ga Plog p—p(p— 2y-!log (p — 2) 
PP) (y — ay-tlog (p-4)-... ] 
to Pg E 


g OF nl terms, if p—q be odd ; p being 4 q. 


This generalisation is due to the late Prof. Wolstenholme. 
It wil be noticed that more is effected by the treatment of 


f sin’ dy in this article than in Art. 1023, as the limitation p, g, both 


even or both odd, is now avoided. 


1034. Thus, for instance, 


ee ia OSA D ke "b+! =e ih. Le ow 
[ Sac C D 7 eo 49415. 29] = - 5" (- 9) 5 - T, 


ind 
[ 2 ae-} } gi {5°log 5-5. 391og 3}. 
EXAMPLES. 
1. Show that 


[55a FG s) fa Samf (ae) ae Z2 (on a. 
SX Y 


[MaTn. Triros, 1884.] 


2» E 
2. Prove that ay [5 tinto lag os 


4 ...2n 2 
sin^"z, 1.3..(2n-3)(2n1) v 
(2) id zT 3.4...2n ER 


[TnRrNrITY, 1889.] 


coe x T 
3 P that sin 21 en ens T 
rove tha [= ^ dz = 2' [Marnm. Tros, 1887.] 


4. Find the value of [ (sin X -4- sin ;) de N 
0 z/ c [COLLEGES 8, 1888.] 


E $38 
5. Trace the locus »- cos sin? 6a dé, 
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6. Describe the discontinuous surface 9-1 raed dé. 
0 


2 
Tammy, 1888.] 
7. Show that 
[ (40-261 242 - ete.) dem de (- D) 


sin az 


and apply this theorem to find L dx. 


[GrAISHER.] 


8. Diseuss the m 


= sin (2z-n+1)0 i sin pre dà 
Y. 2 2 2 0 


where n is a positive integer. 


9. If 0 «a «7, prove that 


(i) “Io l +sinasing dt sa: 
RT ain aaia ^" 


2 2 
(ii) r TO Se PON T a, rak 


lo 
8 1 —sin?asin?z 2? 


=m (/2-1). 


o n2 2 
10. Prove that E 4 
— (1 + sin?z) 


1035. Let 1,= |e cos be de, I,=\e-* sin bar dr. (a +"). 


Las — 4 008 ba +b sin ba E a 
T a eI UC NE Du 


Las — 4 Sin bz — b cos ba 


Integrating each with regard to a, from a=p to a—q, 


(ence s log ern. Eats 
R E ci uer ALL) 
The case E "à H in (2) gives 
[ ch dia +7 as b is +% or — 
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1036. Again starting with the same integrals, integrate 
with regard to b; then 


F e au. d-an E —tan-4.......... (3) 
pi COS pz— cos qc 1 a?4- q? 
i ient an gota de=; lo dorm E SUNT C] 


Then 
ec mp cuna E. [pae 1 z 
Les > dz—tan op Le 2 dx 5 log (145). 


1037. Consider the Integral J =f; €^? cos ax da. 


(Laplace, Mémoires de l'Institut, 1809, p. 367.) 
Differentiating with regard to a, 


m=, SEL his sin az | | e~™ cos az dz 
0 0 


a’ 
*, I=Ae * where A is independent of a. Putting a=0, 
2 de 
Lal: etd. o. P . Hence 1e 7 elt; 


The proof is that of Legendre (Ezercices, p. 362). 
1038. Laplace established the PE by aid of the integral 


ke metde r (1), 


24,2 4. 
viz. a| e ( -5T P «dz 


Af E. p" ce aD 


CAN OS dad eM RR D. 

Ir a? 1 at 1 a? Jar -2 
UNI — — = L 
=F(1- 41.34 roa gt) KR 


1039. Differentiating Z n times with respect to a (D.C., 
Art. 106), 


fre 7? 2" cos e Nr LUS ‘) 


2 2 dae" 
Nr -3 1H (2a n(n- Der 4 n(n -1)(n -2)(n- 3) (2a)"-* | 
=(-1)"—- Tae ree — E ee — L 
=(- Js fene Didaci De 2)(n — 3e... S 
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1040. Integrating J with regard to a, from 0 to a, 
a „Binas, ww[(*-7 =f" ( E dE Lc 
L e Eus is- NT ls da= 3 r: l + Tan 1 ...)da 
Jar f L  1-c 11.0! ) 
TUI T4 8214.5 89.7 77" 
a rapidly converging series for small values of a, but not 
capable of summation by means of the known algebraic or 
trigonometric functions. 


d1% 
1041. Laplace’s integral / — 9 «7 bos sied =~" e *' follows immedi- 


ately from the form of Art. 1037 by writing therein Ka for a and #=ay. 


It should be noted that the process of differentiation in Art. 1037 is legiti- 
mate though the upper limit is infinite. (See remarks in Art. 356.) 

For, taking the present form, the integraud e~**" cos 2b» remains finite 
for all values of z. Change b to b--ób. Then 


I+8/= V e72*?* cos 2 (b + 8b)a d. 


Hence 
2 = fi Pind eoe 8(0 4 "en dx= f e7?* — 21 sin 2bx + e) dz, 


where e is a finite quantity which vanishes in the limit when ôb is made 
infinitesimally small, 


i.e. èI =-2 T xe- sin 9bz dz 4- ph €..e79 dy. 
ôb 0 0 


If e be the greatest numerical value of e in the range of values of x 


from 0 to œ, the second term is numerically ««[, eda, de. «e da 


and therefore vanishes in the limit when « is infinitesimally small. 
The process of differentiation is therefore justifiable. 


ba 
Proceeding as before, a. i I, I-4e*; 


i —atxs NT . NT 
and putting b=0, t=["e drar 3 =a 


and Ie b 


* Mémoires de l'Institut, 1810, p. 290, 
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EXAMPLES. 
1. Show that 


a? 
Jee 


rl 
ze-?' sinazdz -——-e *a, 
0 4 


2o sjat 2 
| a?e- cos ax dae E e " (1 -$) 


0 


M c < E dns 3 
| niece éimdi die Me * (sa - 7), 
- Jo 


8 9 
» gs a 4 
wte t? cos ax ax ol ¢ 4 (3 - 30° +5) j 
: 8 1 


» > Jr -7 a® 
25e—*' sin ax dx =~; e (150-5084), 
L 16 4 
and show that we can calculate 
| [p (23) cos az + y (a?)z sin az]e-** dz 
0 


when $(2?) and y (z?) are rational integral functions of z?. 
[LraENDRE, Éxercices, p. 363.] 
2. Show that if 7 -| e~t sin az dæ, then 
0 
1 -7 z l a? a5 a? ) 
iud! fe doma (0a tla em T 


[LEGENDRE, ibid.] 
a’ a a’ 


3. lf [= T AF e* da, prove that 
v [ e-** x cos — lar, 
[ e-?'3? sin az da = ; a+3I(1 -5) , 
oos 3 E -yI (92-5), 


, 5 a^ 
—2z*44 m ES c^ Qy 9 
uS vt sin av dx= za- fars U 3a (X) 
etc. [LEGENDRE, ibid.] 
4. Show that 


W 


(i) f e-* (Y asinaz--zcos az) dz — 3 ; 


(ii) i e-*' (1 — 1a? — 22?) sin az dz = — 1a. 
x [Lucznpre, ibid. | 
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SET ME d puteo 
1042. The Integral r= (+F) 2 ab(a+b) 


useful in a certain class of Definite Integrals, (a and b both +"). 


Since idu p elare WIE we have 
(a?--22)(b-2*) ba ate b+ 
E C ETEA TL EEE 1 LE R A 
fena San a pen 1! =g M b/2- 3ab(a--b) 
? tani? 
Thus, if arr (a, b both +”), 
d T 1 T 1 YN 
d ed ab(a+b) 20 pe JE 
3 vda log CD 4, 


2b? 
where A is independent of a. But when a=o,u=0; .. A=0; 


Í an z i b 
"s d rhad gp ioc (147). losen estu sd alog (1) 
fanl tan 6) b 
Putting z—b tan 0, we have Hag e 7 log (1 +2), 
or writing c for L l 6 tanz1(c tan 0)d0== log (1--c) CCS 
a? j^ . 9 E —— eer 
Z 
The particular case c=1 gives [ 6 cot 0 dó-7 (07r WE, Aem (3) 


x ft 
Integrating by parts, [@logsin ep -Í log sin d6—5 log 2, 


Nh: T 
or A log sin 040—; loi Ed napis (4) 


as in Art. 990. 
a 


a Iau (b+ a), is of similar form, 


b 
1043. The Integral J H Kea x paS 
but best evaluated by expansion. Pat. x —bsin 6. 


wap Re D 
Lz 2 ‘gag S ok an ©. 


t.e. [d cosec 0 tan^! (esin 0)36-7 sinh-1e- 2 log (c 4- ^/1 +c), 


Rie joa sin o) ord i (is! L ey a "E. ...de 
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or, for the case c—1 

(i tan-!(sin 0) 

0 


i G 
ang  29=3 log U 4 N2). 
1044, Let [= [ es ica i Then 77 


MT 2aa? "n 
b? +2? ~ Je (1 + a*z?)(b* + 2?) 
SE TON VLNM co oe s 
1—a?b* et 
0 


EOE a T 
lg * pco nica sis Mls 
a? (a, b each being taken +"). 
Hence /=-; log(1+ab)+ A, where A is independent of a. Also I=0 
ia=0: E A=) 


log (1 +a) 
En TEES dr= 7 log (1 ab). 


2 
It follows that r log (c?-- 27) 


log c? E log(1 +5) 
Rae dx= L Bpa s+ dx 


R ra 
log c? 


Mon 


b\ oc 
b +5 log (1+? dE i log (e +b), 
And writing z—b tan 0, 


(b, c each +"). 
T log (c? -- 5? tan?@) dü —7 log (b+c); and wars l log cos?@ 40 — 7 log 4, 


L log (b? sin? 6+ c? cos?0)d0 — =rlog BZ (b, e +"). 
1045. Again, taking the expression for 


HE : 
RR, partial 
fractions (logarithmic d differential of cos z expressed in factors), 
viz. tan g 2:2 
= 2) ral Pat Qe 
put z— ka ; Siege 
m tanh vkz n whe < 2.2? 


= ay EP 
tanh r kz dz 
and T 


2 G 
R o (a+2) z | oce] 


k2 ( a? + ill 


Fere eae] 
LAE T 
CAR T A N EcL T S 
2k 
ae [ae d. 4k e 1 
" Jo (+2) z 


ry gal LP 
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Thus, in the case a—£-— 1, 


tanh rz dz . ] 
[eS z s ut: L3 TRT «ad. inf. | 
ME MT Se A 
Kid 3*3 5*5 7* «22 


or taking a=1 and £ any positive ba c 


Roae 1 1 
tz) 2 Sad i @k+1)* 3@k+3)* BEF) " | 


1 1 1 1 
E 


1:3 1 
=2(5 +3 +5 +.. Farc uc) 
and if a, k be any two positive integers, the series will terminate as in 
the last case. 


tanh kzzdz 4k 1 x( 1 1 ) 


o (+2) z a 9ka ^ \2r-1 92ka42r-1 


3E T (CRINE ir UG eT MA. r Moni s. v 
e LM 2ka+1 3 2kat+3 T 9ka--l 4ka+1 a: 
w Œ eee 
1'3* pte E ES ail 


If k=4 id a an even number, the series will also terminate. 

TZ 
Thus “tanh 7 2 dz 2 [eux 1 
o (+2) z ai^ Vgr-1 Kre 1 
If a=2n, this becomes 


» TZ 
fias: Maer artes VN 
o (2n) *Z) z 4L M 2n41 8-924437 "^ 
IX d 
TEN tasto tan sc) 
But if a be odd, =2n+1, the series does not terminate. 
= TZ 
meat Ue 
o ((92nc-1Y4-2?) z TAM 2n«2/ N3 2n-4) °°" 


1 
er A (2n 4-1) [iog 2+3 


gt 
e lo a 
R R Lngd 
Similarly if 24 be any odd number =2p+1, i.e. men 
" tanh plu, 


0 (a? -- z? z @ \Q@r—-1 (2p41)a4-2r-17' 
p 


4i 
4 
1 
bé iy 
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and this will terminate, or will not terminate, according as a is even 
or odd. 
If a be even, =2n, the result is 


1 1 1 1 1 
E 7" Lage cS sacra) s 


saltar Lama i} 
If a be odd, =2n+1, the result is 


1 
“GTP [ og25 T ny Wi RID Wee DOR ral 


1046. Let tel Paz (^52) da. (a4-"*). 
0 
[Laplace, Mém. de l'Inst., 1820, for the case c—1.] 


The integrand is finite for the whole range of integration. 
Change a to a+ a. 


Then I[+6I= K 


[^] gie 161 2 
Hence ^]. eco? t at (- CE + eds, 


where e becomes infinitesimally small and ultimately vanishes 
when 6a is indefinitely diminished. 


E ei 2 le L 


da. 


Let e, be the greatest numerical value of e in the range of z. 


Then the second term is < af e" dz; 4e. <e,. VT , and 
0 2e 
ultimately vanishes with da. 
Hence the process of differentiation with regard to a under 
the integration sign with an infinite limit is justifiable. 
In the first put c=a/y. 
Then 


I = 2 a n een) dy— —2c81; .°. I—4e-9e5, 


where A is independent of a. 
But when a=0, 


Lacs a H dz— ved 


E 4-9 € being supposed +*°. 
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Hence 
I =| aa (2+3) k eoa (or hr ito if obe — pL 


Laplace's form, viz. the case c—1, gives 


[ows MEG ea, (a +”). 


0 
If we replace a? by Da? and c* by 3 € we have the form 


"(ea ur ant 
[e da= " a M un MM 


where a, b, k are positive. 
This result may be written 


9 Pa C i ove. Rn 0 H a E 1 


1047. Con. 1. If £—1 and a=), we have 


nef% Ass z) dy = VT get UE. er cas ste Dios, avia (3) 


Cor. 2. If we differentiate J, with respect to a, we have 


zat a 
dh- E 2) (Gt) de =F, 
0 


di a? 
vre ay (Et) 
i.e. Í (5 -S)e 7 dz =4N mae? sienes (4) 
Differentiating (1) with regard to £, and then putting k=1 and a=), 
= 2 ats 
$ G +4) e "a * ON S mae, haere AAO (5) 


(4) and iis 1 


» by? bat JM 
[GR AR RA 2k(b,—b)) m Vak(b,— by). ....... (8) 
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? eos ra wœ. 
1048. Let T el pg dt (a positive). 
y 1 
— (a?) 28 k ! 
We have Y 2ze dz Pig 
Then 


I sf [ cos rz 22e-(«**:0? dz dz 
o Jo 
39 Qze-%" (f, e-*** cos rz; dz) dz 
=f 22e "E e EJ dz— del pc es) dz 
L 


d I BC 7 5, € "^, as r is positive or negative. 


Mi 3T — e-* or os r is positive or negative. 


This integral is more commonly written as 


das e-" or 7 er. ag r is positive or negative 
Jia B 71d, P xod 


This result is due to Laplace (Bulletin de la Soc. Phil. 1811). 


1049. Both results may be expressed in one as 
COSTE y uw evt ) 
IES 2 ito 140 
for 0" is zero or ed according as r is positive or negative. 
This form was given in Crelle’s Journal, vol. x., and is due to Libri. 
(See Gregory’s Examples, p. 486.) 


1050. Differentiating with regard to r, we obtain the integral 
a+") 

f: c TZ dæ=Ze or —7 e”, asr is positive or negative. 

o aa 2 ZE 

This integral vanishes if r=0. 

The differentiation under the integral sign may be shown 
to be justifiable, although the upper limit is infinite, in the 
same manner as in previous cases. 


1051. If we integrate with respect to r between limits r, 
and r, (both positive), 


f sin raz— sin nva 
o £(dà)-4-2?) 2a? 


e-?n — ara 1 
( etn) 
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If 7, —0, we have 
Sasin re T 
IS ate ta =e), 
a result given by Laplace (Mémoires de l'Académie, 1782). 


If we write z—tan 0 in the integral 


COSTE 1 Tr op T gr 
n ; dc SE or 5%, 
LU 
2 TS T 
we have I cos (7 tan 0)d0— 5 e or 3e, 


according as 7 is positive or negative. 


1052. Graphical Illustrations. 


2f” cos a0 39 
Graph of y 1c iig? 


223 


We have y=e or y=e*, according as œ is positive or 


negative, the y-axis being an axis of symmetry. 


The logarithmic curve is traced in Dif. Calc., Art. 442. 


The graph now required consists of the two portions of the 
above curves which run asymptotically to the z-axis from their 


point of intersection upon the y-axis (Fig. 332). 


» 
x’ [e] 
Fig. 332. 
1053. Graph of y- 2 ar etalona? dô. 


The y-axis is again an axis of symmetry, 


LT" eog Laoù 1" cos(z a) 
Yah E doaf ram 7 


If a be regarded as a positive constant and x > a, we have 
lp- T ] 
=> | = e-(*+9)4 — e-(-2) |= -z 
y EL +5 cosh a . e77, 
If a> x > 0, we have 


K [s eal L T e | =cosh v. e^*, 
"be 2 


The graph therefore consists of a portion of a catenary from z—0 tox=a 
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and a portion of the logarithmic curve from =a to x=, with the image 
with regard to the y-axis of these portions (Fig. 333). 


1054. Graph of 


U H — = œ. Nu a 
Here, if x — a, "mi ka EL 9 qb 
we. 4*— a, a parabola ; 
: my w lg Ta 
if va, "tm Pez Gn 
ay =a", 


a -a (6) a x 
Fig. 334. 
av. T* cos (6 log sin? 2) 
1055. Graph of ean L rt dé. 
log sin? £ is negative. Hence 
z 
Ty T log sini g oar ; gd Nut 1 
Ea LE and y=asin S (Fig. 335). 
sd 
a 
x na (0) 7d x 
Fig. 335. 
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1056. Another mode of discussing the integrals of Arts. 1048 
to 1051 is as follows: 


Let u-|. pé ps dx, (a positive). 
COSTE 7 du * g sin rz 
Then ol, +r dz, Pel a?+2? ds 
d dr =) sin TE ,  — * sin rr 
3 aM 9 (z+ IE Ta dx [. pr da 


— —T[2, 0 or X 3 as r is J-"*, zero or — “°; 
~ w=7/2a?+ Ae-7"-4- Be“ for any positive value of r 
(I.C. for Beginners, p. 250), 
where A and B are constants as regards r. 
But u is finite when r is infinite; .. B=0. Also there is 
obviously no discontinuity in the value of a which is also 


finite for all values of v, as r diminishes through the value 
zero and becomes negative; for a small negative value of r 


: cos T2 
gives the same value to " 5: ; da as an equal small positive 
o a+ 2" «tu ga 
value, and when r is zero the value is | a 6€ sc. 
o +a 2a 
mT 
Therefore —Aa=7/2a and A=—7/2a*; .. u= (170) 
20 . 
sin ræ T 
L-| ae d= qat 
1 Jo s(a’ +a?) 2a? | ) 
oo ve 
cos ra T [o ) 
xS muito eat 3 
L, I ai raa d 2a * r+: 
a sin re 
I. =| da —Le- 
3 Jo a?+ a 2 
The collected results are for the various signs of a and 7: 
a+ a+ a-— a — 
r4 T rab r= 
T —ar 2M. ary E at _ paar 
To] ad-5 p -230-0611 z3ü0-6) a(l- 677) 
T —q T oar CE MUN 8 ,—ar 
x a 9a * 2a a* 
T —ar 7T ar 7T ar _ T -—ar 
I, | 9 9 * 9° e 


www.rcin.org.pl 


226 CHAPTER XXVI. 
1057. A Reduction Formula. 


Let I |, i “de. Then I,=3 ae", 


2414 zr" 
dl, 7 , eos rz 
and da em : Franc nale 


Therefore the successive integrals for the cases n=2, n=3, 


etc, may be calculated by the rule AN ada: m 


In each case 3 eTo will appear as a factor. Let I amat 


dl; ea 
Then da 5 AE vs 


Hence the form of A, may be calculated by successive 
applieations of the formula 


—rA ne ma and Inyi= Anti. 


ike n 1 dA, —y-l 
Anum, rt Ji | where A,=a-. 


2 
E 
7 
a 
t2 

Il 


; [ra7? - a3], 


rd 


A. 
w 
li 


(Da T-3ra7* +3a-], 


top OP tele 


> 
ll 
S= j 


j [a-t + 6r2a-6 + 15ra~6 + 15a-"], and so on. 


So that if 


1 1 
F TLE, 


- 


Ea r—la-" + K 77297 0*0 4. K 5739-7 +2) 4... to m terms], 


Assam gs [Rya (114. Ky ta + K gta Ha. 
+nK yra- +9) + (n 4-1) K 47739709 4 ,..], 
and the coefficients in A,,, are 
K,(=1), K ,+nK,„ K,r(n-1)K, K,+(n+2)K,, etc. ..., (2n - 1)K,, 


and the law of formation of the successive sets of coefficients is easy. 
It may be shown by induction that the general formula is 


1 
n—19—n 
A,= ga -— icm t a7" + 


+W Dn - DU - 2) gh-M- ini) 
2.4 G 
+DL SIT 1)n (n — 1)(n—2)(n — 3) 
2.4.6 


n E 1) jh hg 1) 


PS rms d « 
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Thus " cosy domm E. Ld [ri +721) n7 1g - 0H) 
o LOL AI 2^ (n—1)! 2 
Pi hak TNA D NE sos, S.L terms | i 
o Iain fI T ee 
In the same way $ (aF d VY 


or we may deduce the result from the former by differentiation with regard 
tor. 


rÅ N—1 > 


: Wü sin rx da 
1058. Consider the Integral r-[ a (ch + 2a!22c0s 2a + a4) 9 
We Pam 
cos rz dz ee 0 —asinradx —. 
o aj4«9a2z3cos9a4-a4? dri Je vip 9aj333cos92a pat’? 
—a?cos rz d aUa a?sin rz da 


o a4 9a!zicos 9a 4- aA dri Jo aic 2a!a3cos2a- a4 


Hence, when the first of these integrals has been found, the other four 
of this particular class follow by differentiation. Adding the fifth to 
( — 2a?cos 2a) times the third and a‘ times the first, we have 


dI 


ŒI sin rz 
34 ~ 247 C08 2a Z skal .[ = 


dæ = d 30 OF -$» 
according as r is positive, zero or SP ed We shall assume r positive, 
for the case r negative will be at once deducible from our result by 
changing the sign of r. We also take a positive and a an acute angle. 

The differential equation is of the ordinary class with linear coefficients 
(I.C. for Beginners, pages 244 to 263). It may be written 


[{ D? — a*cos 2a}? + a*sin?2a] I d i 
and the general solution is 
I= aa e 9" S454 cos(arsin a)+ A,sin (ar sin a)) 
4- e? *?5* ( 4, cos(ar sin a) 4- A,sin (ar sin a)}. 


Since an infinite value of r does not make J infinite, the last two terms 
must vanish, i.e. 44 —4,—0. And when r is diminished indefinitely to 
T 
2a* 

To determine the remaining constant A,, we may differentiate with 
regard to 7 ; we obtain 


a. —acosae "°° * ( 4 cos(arsin a)+A,sin (ar sin a)} 


zero, I should vanish. Therefore we have A, — — 


—a sin ae ^" *95* (4 sin(ar sin a) — A,cos(ar sin a)), 
and when r is diminished indefinitely to zero this becomes in the limit 


d- —acosa.A,+asina, Ay. 
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But when r is diminished indefinitely to zero, we ultimately have 


dl 1i dx T 
dr Jo x'+2a2xcos2a+a! 4a®cosa (see p. 159, Vol. L); 
e T 
- asina. 4,—acos a. A R 
s . T 7T cos2a 
i.e. asina. 4,— —5°,cosat L3 = — A oos 3 
and : A,= -zaot 2a. 
Hence J=—,[1—e7*°* {cos(ar sin a)+cot 2a sin (ar sin a)} 
2a* 
ST nar cos a sin (ar si sin a+2a) 
— 9ai sin 2a : 
i.e. we have for values of r>0 
I sin rz dz af- enor cosa sin (ar sin a+ 2a) 
x(a! +2a*x*cos 2a+a‘) 2at sin 2a N 
[ a cos rz dr T ,-arcosa sin(a 4-ar sin a) 
a^ 4- 2a?2? cos 2a +a! 2a3 sin 2a 2 
asin rr dr T —arcosa Sin(ar sin a) 
o a+ 9aecosda+at ~ 9ai* ainda” 
2 cos rz dx _.7 ,—ar cosa Sin(a — ar sin a) 
o x*4-2a?2?cos 2a. -- a* 2a sin 2a : 
"x sin ra dx T nr cosa Sin (2a — ar sin a) 
o 24+ 2a?x? cos 2a +at 2 sin 2a 


1059. Taking for instance the case when a=}, a=cv2, so that 
asin «.— c, 


? sin rr dr 
L era" UE xit "dalen s IE ga (156 conre) 


d. C 
EDD =- 2s € "sin (re em) — gae "" (sin rc L cos rc), 
^zsinrzdz — LOUP ( ^) Dr mE 
2 ; PS. 1 11 e” 
l rosea zn 2,5 e "sin (re 4- =) - i "(cos rc — sin rc), 
? sin rz dx —rc >» ( E) 7T —mrc 
a "WIgUb ^g sin { rc + —— 2 cos rc. 


4 T sin ræ . r positive, 
1060, Consider I= $ TET da, a positive. } 


dI cos rz at æ sin re 
We have dr h Fæ?’ d? -[ "nw ed. 
| dI £ cos rx dl asin rx 
d h Fas dz; d^ o a9--a$ ds ; 
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dl atcosrz Jy. SU RE 
dre h pa T dr Jj aras 


Lu EEr -[ a®\ sin rx (9 Wins. 9P 
"ie Sede : (+5 js SS 3 gn ate me 
Solving this equation, 


ar /3 


ar er 
IL pat Aie "Ae 3 cos (“> 344 »)+ Bye" + Bye? a (2S + By) 
Now, since the integral obviously remains finite when r becomes infinite, 
the terms with positive indices in their exponential factors must disappear. 
Hence B,=0 and B,=0, and the form of the integral reduces to 


T -7 ars/3 
I-j,45*46 " As * eos (275 7 +4} 


4 
Now I, om E ultimately vanish with r. 
These considerations will determine A,, 45, As. 
d^l ar 3 


ar 
a= Ai(-a "e^". Asa" ? cos (455 +Ast+n =); 


dr” 
we therefore have 


o= TA, -FAscos As, 


Us + Aya? + Ayatcos( Ay + 


Now 


) whence 4,—0, 


0= +4;at+ Azat veld UT L 
Hence, for values of r>0, 
sin rz T -7  ar«3 
. BIM fe i ciu M AA 2 
L da Bat o e 2e ?co875— j 


o g(x’ +a’) 
cos rx T arJ/3 2r 
L Bae -Al e "96. E alts ST 
csnrr, 7 BC ar 1 ar X) ] 
i derat da d +2e ? cos (ex 3 o 3) h 


4 4- a8 6a? 


L 
o 4.2 " L — 3 
I wcos re gy a. Le 3e 3 sos (A553 Sr) 
0 


a T 
n aR re uode E dr -3 (4 3 8r ] 
a SL 7 T" A LE a 

ar z 
? a*cos rx PEREI L ae = 1) ] 
Í ws dx. = s e Ye ? cos à + 3 Ñ 
gi a ar =e 
LR om 224 ae | (es 12r | 
Í aa d Puy e "2e "cos( —5—73-] } 
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some of which admit of a little simplification, but are left in their present 
form as exhibiting the general law followed by the several members of 
the group. 


1061. The same process may evidently be extended to any integral 
of the class C wie Fede 
o x(x" + 2a x" cos na+ as)’ 


and its family of 2n other integrals may be obtained by differentiating 
2n times with regard tor. But we exhibit another method of procedure 
in Art. 1067, which avoids the labour of determination of the various 
constants. 


1062. We have seen that 


“cosrade a ar LN 
| atta?  2a° ad 
according as r is positive or negative, a being supposed positive. 
If a be negative, since the integrand is unaltered, the result 
will be zx e" or ed €-^*, according as r is positive or nega- 
tive (see Art. 1056). The result must be positive in either case, 
and the index of the exponential must be negative, for the 
integral does not become infinite when r becomes infinite. 


The four results are therefore 


Te-ar, ER) ; m ge E ER) $ 
2a T--"* 2a TP PB 


7 Toa a—ve ] 1 T a—ve 
Sa" j C es : da^ s b ud 
Taking the case a and v both positive, it is clear that the 


integrand is not affected by a change of sign of a. 
Hence 


* coto ,. _Picesre RN C TE Lut us 
| =F v= ai Loi and r! Badia" ; osl 
with the modifications above specified, if a or or both of them 
be negative. 


: ° ginvc 
Again, 9 Ppa OMM TAK PA a A (2) 


for elements of the summation represented by the integral, for 


which the values of æ are equal but of opposite sign, cancel 
each other. 
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1063. These facts enable us to calculate 


cos ræ 
te -[ a (2 —by a? da. 


For, putting 2—5-L2, 1=| SUMMO, aider = 


=cos rb [^ Prud dz — sin ap arra de dz, 


" cos TZ M oi r>0 
T (x — bra da=— € eos br iec) saes re (3) 
It will be observed that this is independent of the sign of b, 
but subject to the same modifications as before with regard to 
the signs of a and r. 
Differentiating (3) with regard to 7, 


4.6. 


^ wsin re To . 
L (orat a (a cosbr--bsinbr); ...... (4) 
and integrating (3) with regard to r from r—0 to r=r, 


f sin rz dæ e~“ (a cos br—b sin br)), ...(5) 


—» ©{(x—b)* +a} =ar. 
where each formula is subject to the same modifications as 


before with regard to the signs of a and r if they be not 
both +°. 


Putting b=p cosa, a=psin a, a< m, p positive, we have the integrals 


sin rz dx Mio... t 
ome 99x cos a + p°) =m puina* sin (pr cos a a), 


w 
cos rz dx PO 
Í Chl T e7Pr SI S cos( 5r cos a), 
-œ £*— 2px cos a +p psina 
sin rz dz r Spe site - 
S ici NEM = ——e BIR sin( 5r cos a L a), 
w g? — 2px cos a +p sina : 


which again can be readily modified as before for the cases in which 
any of the constants involved have negative values. 


sin rz 
Lpa 2 


1064. Again, differentiating L dx=0 with regard to r, we have 


and from this we may obtain the value of the integral 


l= 


T COSTE 


-« (z — bF +a? dz. 
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=Í, (b +2) cos (b+2)cosr(b+z) z, 
lg 
zta 


b cos br cos rz +z cos br cos rz — b sin br sin rz — z sin br sin "2d. 


Putting x=b+z, I 


—e z2 +a? 
cos rz zsin rz 7 
=beosbr f^ Sun sdz — sin wf n Fra 7 


since the other two integrals vanish, 


i - 5 = —ar 
—bcosbr ^e °F sinbrre ^; 


vzcosrzdz + e 


(b cos br — a sin br ), 


-o (s -bPa 
and 
^ | ccosrz dz r D S 
L »a!—9pzcosa-p! sina cos(pr cos a +a), 


where b—pcosa, a=psina, and it is understood that a is positive, 
p positive, sina positive; and the formula can be readily modified as 
before to meet other cases, and other integrals may be deduced by in- 
tegration with regard to r. 

sin ræ 
—e (x—b)?+a? 
tained in the same way. Put z—b-r-2. 


1065. The integral J= =|" dx may also be ob- 


E » L 
sin br cos rz 4-cos br sin rz 
tel i Ms 
-2 


2?--g? 
? eosrz ? gin rz T 
=sin kl 3 SDN dz-|-cos brh z 153 02— — e7“ sin br, 
z?--a o +a a 
for the second integral vanishes. 
Z x 
= COS TX T p 
Since le gba eoe “cos br ; 
sin rx Ear. bs 3 
uar Be f sin br ; 


f. L COS TL 
J-» (x -b +a? 
vsinrz 
-o (x — by 4 a? 
it follows that by differentiating n—1 times with respect to a?, we can 
obtain the following integrals : 


ji COS Tr sin rr , 
h bpp ^ =Pcosbr ; 5 {a HRC aye = Psinbr ; 


de e^" (b cos br — a sin Lr) ; 


dr=7 € ^" (acosbr+bsin br), 


Py T COS TH 
PE on Q sin br ; 


|... e oa de Qeon + Pb sind, 
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where 
T T ga a) (t) qa Tuum) (e. 
1066. It follows that if f(x) and $(z) be rational integral 
algebraic functions of x, of which the degree of f(x) in x is 


lower than that of ¢(zx), and if the roots of $(z)—0 be all 
Em) Z a) 


partial fractions of TS types 
Az+B A'z --B' 
(z—by-Fa?' ((z—by ray" 
the latter only occurring in the case of $(z) having repeated 
imaginary roots, we can obtain the value of any definite 
integral of either of the forms 


unreal, then since a T be expressed as the sum of a set of 


f2) 


L ZO sin ra dz or de "I d qoe nt da. 
Ex. 1: ie cos rz dx > cós TT COSTE eet 
To J-e (FNF CEGE (a A) -o ipai e 


sin rz dx 
Ex. 2. de GTS T a 1 O 
^ 608 T 
1067. Integrals of the class L wae 
conveniently treated as follows, without the formation of 
a differential equation as used in Art. 1060. 


dæ may also be 


Putting m into partial fractions, we have 


| 25409 PER a—2Z COS ay 
gin--g*^ nal £ (x—a cos a,)?-- a? sin? aj ' 


where d and a, is less than 7 for the whole range 


of values of A from 0 to n—1, and sin a, is therefore positive. 
“costa , 1 "—i1(" (a—zc08a;)cosrzdz 
gn gin gima (z—a cos a,)*+a*sin?a 


1 n—1 
m | 2 x gr sin a, (cos(ar cos a,)—COS ay cos (ar cos a) 4-a4)) 
À 


Mo — s e~% sin BL sin (ar cos aaan); 
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and since the integrand wie Te d is not affected by a change 
of sign of z, we have 


? Cos ra l(^ cosrz 
E , gina a 
? ecosrZ 
Therefore i|. gin gin 
La "udo US 2 
PM. D SEDAN : í A+1 2A+1 r) 
T ng : e sin (ar cos — — On d — on . 


The other members of the family of integrals obtainable from this are 


Í lt by integration with regard to r, from r=0 to r=r, and 


a(28* +a%) 
asin re TOOR fax ? a?sin rz d 9 29718n rx d 
o gif. gin o q^ gin o qam 1 £°+a> i 
the latter system by differentiation with regard to r. 
Since 
= e "^^ sin (ar cosa +a) — ge 7" 91 sin (ar cosa+2a+ z) 
we have 
| +P cos (re + X) c TET 
$ ah 4 gin RH dr* 
nol arsin tlg 2A+1 ke 
= dios ak > e |. 9?» sin [ar cos tl w+(k+1) m Tt zl 
where k > 2n — 1, which gives all the integrals from 
c sin rv ,;1n—!sin re 
an p a +a in ^ . to te | are an + qn 


j sin rz 9 
The integral G CLE Te is of the form 


n=] —arsin pot 


pe inns 2À +1 T 
A+ pamm mat "Eie 2n sin(ar cos In 7-2) 


where A is a quantity, independent of r, to be found. 
And since the integral vanishes with r, 


T T f | A^ 
0- A+ im E "È sin(-3)=4- 575; ^ drami 
: 214-1 
sin rz T m 0L —arsin B SALL 
. Ep. Sm 2n 1 
A L zm Tamie gam ^ Ina X e cos (ar cos ^7, r) 
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1068. Those interested in the history of the subject may 
refer to an article by Poisson in the Jour. de i' École Polyt., 
| " eos rz 
o 1+a?" 
and to articles by Catalan in the Jowrnal de Mathématiques, 


xvi p. 225, where the integral of | dæ is discussed, 


? eos rz dz 
o (14-29) 


1069. In the same way we may evaluate the integral 


f cos rx dac e = 2) 
o0 a? —20?^53?"c0gs 2na LOR Va <T 


with its attendant family of integrals derivable by differentiation and 
integration with regard to r. 
For 


vol. v. p. 110,* for integrals of form | 


1 1 1 y asain 2nx—x sin(2n—1) x 


4^ — 293^ 53^ cos Ina+a™ 2nsin na RA ^* (v-a cosy) --a'sin*x ' 


where x-a4 3, the summation being for 2» consecutive integral values 
of A. 


And it is to be noted that x is greater than O and less than r (and 


therefore sin x positive) for values of A such that ML» —a and «7-—a 
respectively, 


i.e. kc nd Adeste. 
T T 


ie. for A=—k, —k+1,...n—k-1, where k is the greatest integer 
in =; and that sin x is negative for values of A from A=n—k up to 
A=2n—-k-1. 

Now 


cos rz dx BA 
—e(r—acosx)'--a?sin*q asin x 


e~*"*Xcos(arcos x) if sin x be +” 


and = Wes e*” Sin X cos (ar cos x) if sin x be —", 

and 

f . vcosrzdr m. g-arsinX cos (ar cos X+x) if sin x be +" 
-e(r—acosx)'--a?sin*« sin x 

and -— ur e*t nX cos (ay cos x — x) if sin x be —"* 


* Gregory, Examples, p. 486. 
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T gin _ 9g 2n, an cos Ina + a n 


+ any [sin 22x cos (ar cos x) -- sin (2 — 1) x cos (ar cos x + X)] 


2n—-k-1 gar sinx 


Eds pu X [sin 2nx cos (ar cos x) — sin (2n — 1) x cos (ar cos x — x)] 


-k d 2n-k-1 
= E eX cos{arcos x -(2n—1)x}- X TRR cos (ar cos x +(2n-1)x} 
- n-k 


where % is the greatest integer in = and x-a4 M. 


Also, since the integrand is not affected by a change in the sign of v, 
Í cos rz dx 1 eos rz da 
0 


44^ —9g?^;3^cos mapa” 2], 74^ — 993n,1^ cos 2na L a^^ 


The attendant family of integrals formed by differentiating 4n — 1 times 
with regard to r can now be written down, and are of type 


gAn-»A a" cos( ne +p 2) dx 
án sin 2na - — 
T 0 g4" 2g 1^ SR cos 2na 4- a^ 
n-k—1 atr T 
M. > arsin X cos { arcos x - Gn - Dx er( S 3 
-k 


2n-k—1 


da "s ef 9 x cos [arcos x +(2n-1)x+p(5-x)}, 
n—k 


and the integration with regard to r from 0 to + furnishes the remaining 
member of the family, viz. 


4n sin 2na - S L gin re da — 9n sin 2na 
' m Jo Un — 903^," cos 2na +a) 
= —arsin T 
= DS e rael ar cos x - 2n UX - (5^ x)} 
-k 


2n-k— 


1 
- 2 heus { ar cos x+(2n-1)x-(5- x)} 
"WE —orsinx.: nk) arsinx s 
= MT. Xsin (ar cos y —2na)—- DY e" *Xsin (ar cos x +2na), 
—k n—k 


k and x being as defined before. 

1070. It will be noted further that the integral 
[ cos rv dx 

o 24^ +2a%%x2 cos InB+a™ 


and its accompanying family of integrals can be deduced from the above 
. : iby T 
family by writing a= E 
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PROBLEMS. 
1. Prove that 


z 2 z 2 
[| €7** cos bx d + [f £7? sin bz de | = e7?92/(q? + b2). 


[y, 1893.] 


3. lf in =| are- dz, show that tin = ig 
0 
Hence calculate un where n is any positive integer. [Trrnrry, 1881.] 


e-“sin4 i Bt, chy 625 
16 9817: [8, 1891.] 


E how dnas L 


. Evaluat —(az*--bz--e) da, 
4. Evaluate m e da [CoLLEGES, 1879.] 


S zad the result 


?  sinrz np” 
l ant lais ml- K (i. 


5. Deduce from the integral L5 


"n 
6. Find the vela of Cea) dz, where n is a positive 
integer. A i Bite (Maru. Tre., Pr. I., 1890.] 
7. Show that AZ all we, 
o (cosh qz + cos qz)? 2g [8, 1891.] 


? sinhpzsin qz q 
8. Show that f EEE E resp pay 


9. Show that, if p be a positive quantity, 


^"sinhpz/ . 1 i 1 ) de = Flo po? 
0 coshpz--cosaz cosh pa + cos br)“ 3 TR LI 


[Marz. Trreos, 1890.] 


10. Prove that 


S +d T ] ita sd; - 
(a) E TTE 4108 3 H (b) E snzcosz" Y euh (tan a). 


(n —- 1)! 
n(n + 1) (n4 2)...(2n-1)' 
where n is a positive integer. [MaTz. Tnrros, 1889.] 


5 1 1 
11. Prove that f (cos^ 0 + sin” 0)-?^ 40 = 


12. Prove that | e-* cos 2nz da — veen. 


13. Prove that f pial. cosh zô dz = cot=( za d E 
T R N L sinh 7 
2 


[e, 1883.] 


{a, 1885.] 
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cos bx 


14. Prove that [= tanh — 5 da = log coth5). 


[CoLLEGEs, 1879.] 


du 1 
dr aei) cR LAM So RA -1 
15. Prove that g (cosh u TR I f (e eos 0 + 1)”-1d0, 
if (e cos 0 L 1) (ecoshu — 1) - e? - 1. [Marz. Trrros, 1885.] 
cos si tanh x 


dz = log,coth kr. 


(Maru. Trreos, 1889.] 
17. Prove that, if a lies between — 7/4 and 7/4, 
N dé 7 COS a 
I 1 - 2 sin 2a cos 0+c0s?0 J3cosi2a 
[Marz. Trrpos, 1885.] 


16. Prove that |; 


1 
18. Prove that " xa M <n ^ 
o (1-27)? Sneins- 
2n [8, 1888.] 
19. Prove that f de =2 deb HEGI 
K- at)? o (1- (C-e (Quo 
(Trinity, 1889.] 
20. Evaluate 
(a) ez xede; (b) ez a da ; 
(d es merde: (d) seg edz, 
0 0 
where in each case x becomes infinite. 
21. Prove that c 2 Sin te dx = 5 coth 12 — k 
0 ^s nhz TSY M 
22. Sh cos z cos T _8 =| 2 cosg 
ow that | 1:277 rand 71], ES d 
i [Maru. Trreos, 1876.] 
23. E ° Cosme 
Evaluate l^ l-z42? $ (Maru. Trrros, 1892.] 
24. Prove that, if m be positive, 
? cos ma Josef 
f (Rah a i»N?sin (2m + 17). 


[Marz. Trrros, 1892.] 


E a 
25. Shoi x cos az ch e N2 
ow that (i) 3 el. 35 ' cos 


satiny} 

[LaPLACE, Mém. de l'Inst., 1810.] 
A [ cosg du Tot 
(ii) IE 7 œ Bae (cosa +sin a). 


(Mara. Trrros, Pr. I., 1914.] 
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? z sin 2ax T g 
=_e- gi 
26. Show that l wé dx 54 "sin 0-9. [Sr. Joun’s, 1883.] 
c sin bx me —eg-ab à 4- Ye 
27. Show that o (1r 23) (a? +2) c= 3 port DIT h bs EI : 


28. Prove that 
hi zm- dx ^X gm-ldz 
o (1-2zc0sa -2?)^(1--2") Jo (1--2zc0s a + 2?) 


l 


^O Omgj n2m-lg 


ideni. £I" Ce 
~ 2" (m — 1)! Vsin a da sin j 


[WOoLsTENHOLME, Educ. Times.] 


a 
| (cos x — cos a)™1 da 
0 


? sin ra 
nia tennis L SR 7 7^. (Maen. Tar., Pr. IL, 1919.] 


30. Prove that 


[ g-nz-2 do — D {1 E Ner + darem] approximately. 
N 2a+n (2a+n)?  (2a+n) [y, 1891.] 


T. 60 


—2g! Ogi 2621 LP = =. 
31. Prove that Í e— #008 sin (z?sin 6) dz S115" tCorz., 1892.] 


ys 
0 2 
» Lapi 
32. From the integral [ e *dx= : Vx e-*4, show that 


. a*cosec!g 
f fat dr d@ = ve-4, 


33. Express the sum of the series 1 LENS LNB L... ad inf. 
by means of a definite integral, « being a real quantity less than 


[Trinity, 1886.] 


unity. [TaiwrTY, 1895.] 
34. Prove the formula 
Es =a E ap: 
-ara Sin (2n + 1) ba 3 "EL, — nard 
i= sin bz P 122,0 Ñ 
[Sr. Jonw's, 1881.] 
1,1 
b 
35. Prove that R r dedi tg log (a.c by? 
zy(z- y) HE 
aða [Trrnrry, 1886.] 
Be 
b 
36. Show that f tan = = tant 7 de -5l guum 
apa 


[BERTRAND, Calc. Int., p. 200.] 
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37. H z) z E | atba— sd 
Show that f Ze &(7) d log [ (a + tacet 
e du 
where (2) = L (R [Maru. Teir., 1882.] 


38. Prove that | ar wua X du = Zm edt", 


- S x tu") 
and deduce neler = — gua’ 2X e a ) du. 
Zr (2A)? J - 2 
[Sr. Jonn’s, 1882.] 
39. Having given that 


a La M s 
| qu "dae 5 


1 
ld — g? — 3/T T 
2 z 
prove that I ae dz = zc [Corrsozs, 1882.] 


40. Having given that | eas! di = 5 RA deduce the value of 
0 


2 
—az* 
| 0 Carr [Coutxcss, 1879.) 


41. Prove that [ e~ cos aa ((a? — 6)x — 423) dz — 1. 


42. Find the value of IN e—4** cos v da, 
0 


2 t 1 1 
ce er AN w’ 
and prove that f, e-V?sin x dz +I, eW' dy. [S. Jomw's, 1886.] 


43. Prove that | C C a ^ being a positive 


Wiar o sing TL" 4e sinhl' 
4 . 


1 Lop — 
44, Starting with | aPdz- E deduce | LS dis. log Z Z. 
0 pti o log 7 


Putting p ^ ov — 1 and g=b¥ — 1, deduce the values of the integrals 
sin bí — sin at 


[^ mero ot] db and [ es dt, 
L i 7 i 
and verify your results by a rigorous independent method. 
Show that [RED ae tan"! p. 
o logg 


45. Prove that 
ain Da La iq. 
L log eos (5 JT 2 =) de log > »1-i 33 tpa pd 


T=@ 
where ay = 2 l- (r4 prn (St. Joun’s, 1885.] 
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46. Prove that (ot rh bil - p) 
d 0 TER (Maru. TRIPOS.] 


47. Prove that 
H x 
| $ (sin 22) cos z dx = L dios") cos z dx. 
0 0 
[Bzsaz, Liouvilles Journal, xviii.] 


48. Deduce from Laplace’s Integral 
E dre lac = VT irte, 


0 
the results * 


oo ? JT 
Ac PI iud E ) 
f cos (« +a) da g 008 1*24 , 
OR E m T d ) 
b sin (s +o) de 9 sin (7 + 2a ; 
9 -(24+5 a P^ 
| e z os{ (2+5 ES UT -2a cost cos (2a sin 0+5) 
0 


o (222 cos 
f . (s +a) ‘sin { (2+ E <ln o} da e CN cos *sin(2a sin 6+ S), 
0 


[Cavenv, Mém. des Sav. Ét.] 
49. From Laplace's Integral 


co Jz zi 
zo 
e-ti cos 2ra dz =e ™, 
0 2a 


oo 
deduce * | cos a?2? cos 2rz dz = 3a T cos T ex ( - 2) 
0 


| sin a?2? cos 2rz dz = 3a Y? sin pi NT 
0 
[Founizn, T. de la Chal.] 


50. Prove that if f?(z)z (Z 3i f(z), and all the differential 


coefficients up to the (r—1)™ inclusive remain continuous from 
z= —1 to z=1, then will 


T T 
| f(cosx)sin*adr=1.3.5...(2r- vl f (cos x) cos ra dz. 
0 0 
[Jacost, Crelle’s J., xv. ; GREGORY, Examples, p. 501.] 


* Sce remarks on the use of imaginaries (Arts. 1189 to 1201), 
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51. Prove that 


T m+1 
af (2 — a?y" cos ta dt = sail; A COS a2, 
0 x dz 
m being a positive integer. [CULLEN, Educ. Times, 14808.] 


52. Prove that 


9c. TT 
dZ 1 e) dis Un DARE Presta T LE 
gn T r (n) 9 pod k 
? sin C 


r being an integer and 17» n2 0. — [U. C. Guosn, Educ. Times, 14954.] 
53. Show that if 
A -| e-9? cos bz?dz, B -| e-9? sinbz?dz (a>0), 
0 0 


then 47 + B? and 24B can be expressed in terms of elementary 
funetions. (Marx. Trios, Pr. II., 1914.) 


-1 
54. Show that r (= ST dicis (3log.2 - i). 
(Mars. Trrros, Pr. I., 1887.] 


i 2^ sz gin 
55. If sinz2z-4 +5 -- . +(-1)" gait 


a? gi g2n-l 
and pos z =L aT Q Ln (2n - n TTT 
Kac. d T X 
prove that f ze eR " L zd (Mara. TRrPos, 1875.) 


56. If a and y be positive, prove that the value of 


? sin (yz) cos (ax) dx 
0 x 
is jr or 0 according as y is greater or less than a. 
By multiplying by e-”coscy and integrating with respect to y 
from a to ©, or otherwise, prove that 


? (a? +b? - c?) cos az l gp cos ac — c sin ac 
ata LAR 5” aaa 
o (a? +b? — c?y? + 46% 2 b2 + ci 
a, b, c being positive constants. (Maru. Trrros, Pr. II., 1920.) 


(7-40)tanO0 ,, — ( -7) 
57. ero fecit r2 d0 —|log2 iJ 


(Ter. HALL and Maab. Corr., 1881.] 
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so that even when the series for F(x) ceases to be convergent 
when z—1, the final element of the summation indicated by 
the integration [ F(a) (log Ly dz will have no effect. Then 
we shall have, by putting =e, 


I =| (log 3L (x) ds-|'w €^ F (e?) dy 


-I(ptl) (Sat c t ) 


and therefore J can be expressed in finite terms whenever F(z) 
is such that this series is capable of summation. 
An extensive class of definite integrals arises from this fact. 


1073. It will be well to recount several previous results 
obtained. We have now used the symbol S, to denote the 
complete series 


gja 6. Bishi at; pts ste . ad inf. (p>), 
and the numerical values of S, up to S, are tabulated in 
Art. 957. 
Also, if see z--tan z—1-- K, Z+ KEFE 
n+l D 
Ka ga lE 3) +B) (T3) (+... ad inf, 
and rules were given (Dif. Cale., Art. 573) for the calculation 
of K,, the results being 
K,-1 K,=1,  E,-2, K,=5,  K,=16, 
K,=61, K,=272, K,—1385, K,=7936, ete., 
Ke, being the n “Eulerian” number=£,,; whilst K,, , is 
22n (22n — 1) 
n 


TE T ..., then 


the h “Prepared Bernoullian" number= 
Bzn-ı being the n™ Bernoullian number itself. 
Also we have seen that 


2n-L 


Ee m?n (27) 


2(2n— 1)! (22»— 1) creat abil =n)! Bana 


P ridi 1 m2n+l 


22n+2 (Qn)! ? Kan = [anti — c en T P 22n+2(2n) ! 
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